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Introduction 
The study made in this paper was motivated by the following question: given 
n 2 0, is the class of fields of cohomological dimension in elementary? It is relatively 
easy to see that this class is closed under elementary substructures, see Proposition 
2.5; for n12 it is however unknown whether it is closed under ultraproducts, or 
even ultrapowers. 
Klingen showed in [6] that the class of fields having a class formation is elemen- 
tary. As fields having a class formation have cohomological dimension 2, this sug- 
gests the following type of question: given an elementary class generated by fields 
of cohomological dimension 5 2, do all its elements have cohomological dimension 
12? 
In this paper we propose to show that the elementary class S generated by all 
(totally imaginary) global fields and their algebraic extensions contains only fields 
of cohomological dimension ~2 (Theorem 3.6). This implies in particular that 
cd(Q*(i)) =2. 
We also study, for Q* a non-standard extension of Q, some of the properties of 
G(Q*); in contrast with the standard case, G(Q*) contains non-pro-cyclic abelian 
subgroups (Proposition 3.7), and cd(Q*(p))> 1 (Corollary 3.8). However, as in the 
standard case, we have cd(Q*“b)= 1 (Theorem 3.11). 
Our study allows us, given a prime number p, to find a sentence ulp such that for 
every field KES 
K t= tpp H cd,(K) = 2. 
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This is done in Corollary 3.5. As a consequence, one then gets various results of 
non-elementary equivalence, see Corollary 3.8. 
The paper is organized as follows: In Section 1, we briefly recall some of the basic 
definitions and properties of cohomology groups. In Section 2, we sketch the inter- 
pretation of finite algebraic extensions of a field in the field. In Section 3, we give 
the main results of this paper. 
1. Preliminaries 
1.1. Recall first that a profinite group is a topological group which is Hausdorff, 
compact and totally disconnected. For K a field, we let G(K) denote the (absolute) 
Galois group of K, i.e., the Galois group of K in its separable closure KS. Then 
G(K) = Ii@ Gal(L/K) where L ranges over all finite Galois extensions of K. 
1.2. In this paragraph, we set up the notation we will use. We refer the reader to 
[7, Chapter II] or [9, Chapter VIII] for the definitions and properties of cohom- 
ology groups. 
For q an integer, G a profinite group and A a G-module, we denote by Zq(G, A) 
the group of q-cocyles, and by Hq(G, A) the qth cohomology group. 
If K is a field and L a Galois extension of K, then Hq(L/K) = H4(Gal(L/K)/LX) 
and Hq(K)=Hq(G(K),KSx). If A4 is a Galois extension of K containing L, then 
InfM,, denotes the inflation map: Hq(L/K) + Hq(M/K); if A4 is a subextension of 
L, then Res,,, denotes the restriction map: Hq(L/K) --t Hq(L/M). Then Hq(K) = 
Ii$ Hq(L/K) where L ranges over all finite Galois extensions of K and the limit is 
taken relative to the inflation homomorphisms. 
Finally, if L and M are fields such that A4 is Galois over K = L fl M, we denote 
by j,,, the group homomorphism Hq(M/K) -Hq(ML/L) induced by the canoni- 
cal isomorphism Gal(M/K)=Gal(ML/L) and the inclusion MX CML’. Note that 
if L is also Galois over K, then j,,,= ResL,K InfMLjM. This homomorphism allows 
us to reduce problems about infinite algebraic extensions of a field K to finite 
algebraic extensions. 
Lemma. Let K be a field, L and M algebraic extensions of K, and suppose that 
M is a finite Galois extension of L. Let aE Hq(M/L). Then there exist a finite 
extension M’ of K and an element y in Hq(M’/M’ n L) such that M’L =M and 
j,,,O) = a. 
Proof. Let ,8 E Zq(M/L) be a representative for a, and choose a finite extension M’ 
of K such that M’L =M and p takes its values in M’. Then BE Zq(M’/M’fl L). If 
y is the image of p in Hq(M’/M’n L), then j,,,(y) = a. 0 
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1.3. For K a field and p a prime, we denote by cd,(K) the p-cohomological dimen- 
sion of G(K) and by cd(K) the cohomological dimension of G(K). The following 
result will be used constantly. 
Theorem [7 V.3.61. Let p#char(K). The following properties are equivalent: 
(a) cd,(K) in. 
(b) For every finite separable extension L of K, the p-torsion subgroup of 
H’+‘(L) is trivial and H*(L) is p-divisible. Cl 
When n = 1, (b) can be replaced by: For every finite separable xtension L of K, 
for every finite Galois extension M of L, H2(M/L)(p) = 0 (see [7, V.3.71). 
1.4. Recall that a local field is a valued field K with finite residue field, valuation 
group isomorphic to Z, and complete with respect o the valuation. The cohomology 
groups of such fields are well known, and we list some of the results we will use. 
Their proofs can be found in [2] or in [8]. 
Let E be a local field, F a finite extension of E of degree n. Then H2(F/E) is 
cyclic of order n, and is identified with the group ~Z/Z. Suppose that N is a 
Galois extension of E of degree m containing F. Then Inf,,, corresponds to the 
canonical inclusion ~Z/ZC~Z/Z. If N is a subextension of F, then ResN,E cor- 
responds to multiplication by [N: E]. 
It then follows that if N is an algebraic extension of a local field E and if p is a 
prime (#char(E)), the p-torsion part of H2(N) will be trivial if and only if pm 
divides [N: E] (i.e., for all n, E has an extension of degree p” contained in N), see 
[7, v.7.31. 
1.5. Recall that a global field K is a finite algebraic extension of Q or of some field 
FJt). If o is a valuation on K, we will denote by K, the completion of K with 
respect to u. If u is a discrete valuation (=non-archimedean), KU is then a local 
field; otherwise K,, is either IR or C. 
G(K,) can be identified (up to conjugation) with a closed subgroup of G(K), and 
this gives rise to a homomorphism Q,: H2(K) + H2(K,) which is onto (see [7, 
V.8.21). 
Let L be an algebraic extension of K and let u be a non-archimedean valuation 
on L. We define the field L, as follows: write L as 15 L; where L; runs over all 
finite subextensions of L over K. Let L, be the completion of Li at the restriction 
of u to Li and set L, = Ii@ Li,. As above, the map Q, : H2(L) -+ H2(L,) is surjective. 
1.6. The exact relation between the cohomology of global fields and of local fields 
is explained in detail in [lo, 7.3 and 11.11. We recall the following result: let K be 
a global field, L CM two finite Galois extensions of K with [L : K] = n, [M: L] = m. 
Let u run over all valuations on K, and w over all valuations on L. We then have 
an exact commutative diagram: 
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@I 
0 - H2(L/K) - 0, H2(LK,/Ku) (31 ;z/z 
I lnf ! @‘“r I i 







0 - H2(M/L) 5 0, @,, u H2(ML,/L,) (73 &Z/R 
where the maps Q,, ez, e3 are the direct sums of the maps Q, and ,Q,, i is the inclu- 
sion map, n is multiplication by n; the map 0, is obtained by viewing the groups 
H2(LKu/Ku) as subgroups of $Z/Z and taking the sum map: 0, +Z/Z + ~252’; 
o2 and 0s are defined in a similar fashion. 
1.1. Lemma. Let K be a global field, S a non-empty finite set of valuations on K. 
Suppose that for each v in S we are given a finite separable extension E, of K. 
Then there is a finite extension L of K such that for each v ES and w valuation 
on L extending v, there is a K,-isomorphism between E, and L,. Furthermore, the 
degree of L over K is the least common multiple d of all [E, : Ku] for o ES. 
Proof. We will sketch the proof given by Cantor and Roquette in [3] (but not in 
their published paper). 
For v ES let h,(X) E K,[X] be a manic separable polynomial of degree d such 
that each root of h,(X) = 0 generates an extension of K, isomorphic to E, over Ku. 
By Krasner’s lemma, if h(X) is sufficiently close to h,(X), a root of h(X) = 0 will 
generate an extension of K, isomorphic to E, over Ku. Because K is a global field, 
there exists h(X) E K[X] which is sufficiently close to h,(X) for each v in S. Let a 
be a root of h(X)=0 and take L =K(a). 0 
2. Interpretation of finite algebraic extensions 
We will sketch the machine necessary to encode finite algebraic extensions of a 
field Kin K. The discussion we present seems to be part of the general folklore. Un- 
fortunately, to our knowledge, there does not seem to be a detailed account of it 
in the literature. 
2.1. Given any n> 1, there is a formula In(xir . . . ,x,) such that for any field 
K, any elements aI, . . . , a, in K, KcI,(a,, . . . , a,) if and only if the polynomial 
X”+alX”-‘+... + a, = 0 is irreducible over K. 
If Kt=l,(a,, . . . . a,), let cz be a root of X”+a,X”-‘+...+a,=0 and K,=K(rx). 
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An element of Ka can then be encoded by an n-tuple from K representing its co- 
ordinates relative to the basis (1, a, . . . , cd- ’ } of KD over K. The addition and multi- 
plication of KD can also be encoded in K with the help of al, . . . , a,. This yields the 
following: 
Fact. Let q.$xl, .. . , x,,,) be a formula in the language of fields, n an integer. One can 
then find a formula q,,(Z p), z = (z,, . . . , z,), _F=(_Yi,j), 1 lilrn, l<jIn such that 
for any field K, any n-tuple a in K such that K~z,(a), and any mn-tuple ii 
K~q&T,b) H K,Ev(c) 
for ci= b;, + bi2a+ . ..+bi.,an-’ and a a root of X”+alXn-‘+~~~+a,=O. 0 
It is also easy to see that there are formulas S,,(xr, . . . ,x,) and N,,(xr, . . . ,x,J ex- 
pressing the fact that Ka is separable over K, or normal over K. 
2.2. Suppose that ii satisfies I,,, let K0 and a be as above, and let o be an ele- 
ment of Aut(K,/K). Then o can be encoded by the n-tuple E giving the coordin- 
ates of o(a) relative to the basis { 1, a, . . . , an- ‘}. Note that the set of such C 
is then definable: just express the fact that cl +c2a+ 1.. +~,,a~-’ is a root of 
X”+alXn_,+...+a,=O. 
Suppose now that Ka is Galois over K and consider the two-sorted language 9 
of the structure (K,, K, +, . , 91, Gal(K,/K), m, a) where m is the group multiplica- 
tion of Gal(K,/K), a is the binary function Ka x Gal(K,/K) -+ K0 representing the 
action of Gal(K,/K) on Kg. Putting all the previous observations together, we get 
the following: 
Fact. Let y?(xl, .. . , x,,,) be a formula of 9’ where the Xi’s are in the field sort. For 
n L 1, we can find a formula IJI(J, Z) in the language of fields such that for every field 
K, every n-tuple a in K satisfying Z,, A S, A N,,, and any mn-tuple 6 
K r I+@, 5) ti (K,, K, Gal(K,/K)) E P(C) 
for Ci=bi1+bi2(Y+...+b;nan~1 and a a root of X”+a,XnP1+~~=+a,=O. 0 
2.3. As a corollary of Fact 2.1, we get that if p is algebraic over K,, KJP) can also 
be encoded in K. Hence every finite algebraic extension L of K can be encoded in 
K, by expressing L as K(a,)(a2)... (a,). 
Similarly, using Fact 2.2 twice, one can easily obtain that if L CM are two finite 
Galois extensions of K, one can interpret in K the many-sorted structure with 
universe (M, Gal(M/K), Gal(L/K)) in the language containing the operations + and 
. applied to M, unary predicates for L and K, the group operations of Gal(M/K) 
and Gal(L/K), as well as the actions of these groups on M and L, and finally the 
restriction map rc from Gal(M/K) onto Gal(L/K). This interpretation only depends 
on [M: K] and [L: K]. 
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2.4. Suppose that L is a finite Galois extension of K. It follows from the usual 
group-theoretic definition of Hq(L/K) (see e.g. [7, Chapter II]) that H4(L/K) is 
interpretable in the two-sorted structure (L, Gal(L/K)), and hence in K. In a similar 
fashion, one can interpret in K the inflation maps, the restriction maps as well as 
the maps j introduced in 1.2. 
2.5. Theorem. Let n E R\l. The class of fields of cohornological dimension in is 
closed under elementary substructures. 
Proof. Let K < K’ and suppose that cd(K’) 5 n. Let A be a finite G(K)-module; we 
want to show that H”+‘(G(K),A)= (0). Because A is a G(K)-module, we know 
that there is a finite Galois extension E of K such that ga = a for every g in G(E), 
a in A. As H”+l(G(K),A) =l@ H”+’ (Gal(L/K),AGcL)), it suffices to show: 
For every finite Galois extension L of K containing E, for every a in 
H""(Gal(L/K), A), there is a finite Galois extension M of K containing L such 
that InfM,L(a) = 0. 
As K < K’, G(K’) projects onto G(K) and this induces an action of G(K’) on A. 
Let L be as above; then Gal(LK’/K’) is canonically isomorphic to Gal(L/K) and we 
will identify them. 
As cd(K’) I n, there is a finite Galois extension M’ of K’ containing L such that 
InfMP,LK(a)=O. Using our interpretation of finite Galois extensions of K and the 
fact that K < K’, we can therefore find a finite Galois extension M of K containing 
L such that the following diagram commutes 





Gal(LK’/K’) = Gal(L/K) 
for some group isomorphism s. Because L > E, ga = s(g)a for every a in A and g in 
Gal(M/K). This gives Inf,,,(rr) = 0. 0 
2.6. Proposition, Let G be a class of fields of p-cohomological dimension IS q and 
let S be the elementary class generated by the members of &. The following condi- 
tions are equivalent: 
(1) Every member of S has p-cohomological dimension ~q. 
(2) For every pair of integers m and n there exists an integer Nsuch that: for every 
KE &, for every Galois extension L of K of degree n, for every Gal(L/K)-module 
A of order pm and for every (Y E H q”(Gal(L/K),A), there exists a Galois extension 
M of K containing L and of degree %N over K such that InfM,L(a)=O. 
(3) For every pair of integers m and n there exists an integer Nsuch that: for every 
K E 8, for all separable extensions L CA4 of K with [L : K] = m, [M: L] = n and A4 
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Galois over L, for every (Y E Hq(M/L) and /I E H q+l(M/L)(p) there exists a Galois 
extension E of L containing M and of degree 5 N over K such that InfEiM(a) is 
p-divisible in Hqtl (E/L) and InfE,&?) = 0. 
Proof. If (2) or (3) holds, there is a collection of elementary statements, the models 
of which have p-cohomological dimension ~4, These statements hold in every 
member of 8 and hence in every member of X. 
Suppose now that (2) does not hold for some integers m and n. For every 
ie IN, choose Kit 8, a Galois extension Li of degree n over K;, a Gal(L,/Ki)- 
module Ai of order pm and an element (Y; E Hq+ ’ (Gal(L,/Ki), Ai) such that 
for every Galois extension Mi of Ki containing L; and of degree I i over Ki, we 
have InfM,,L,(o) #O. 
Let 4% be a non-principal ultrafilter on N and set K = ni, N KJ”21, L = Hi, M Li/~, 
A =rIi,. Ai/% and (Y = (a;)@. Let M be a finite Galois extension of K containing 
L; then M=nieN M/4?.! where Mi is a Galois extension of Ki of degree [M: K] and 
contains L; for almost all i (in the sense of a). Our hypothesis now implies that 
InfM,L(a) #O. Hence Hq' ‘(G(K), A) # (0) and cd,,(K) > q. 
This proves the equivalence of (1) and (2). A similar argument gives the equi- 
valence of (1) and (3). 0 
Remark. For q= 1 the bound N of (2) exists and equals npm, and therefore the 
class of all fields of cohomological dimension I 1 is elementary. This result is com- 
mon knowledge, since cd,(K)< 1 is equivalent o G(K) being p-projective. 
3. Results 
Recall that a field is called totally imaginary if it does not embed into a real closed 
field. We denote by &’ the class of all totally imaginary global fields and their 
algebraic extensions, and by X the elementary class generated by the members of F. 
3.1. Proposition. Let p be a prime, and let K be a global field with char(K)#p, 
and which is totally imaginary if p = 2. Let L be a finite Galois extension of K and 
a an element of H2(L/K). 
Then there exists a Galois extension M of K containing L such that [M: L] I 
(p!)IL’ K1 and InfM,L(a) is divisible by p in H2(M/K). 
Proof. By 1.6, we have an injection Q, of H2(L/K) into 0, H2(LK,/K,) where v 
runs over all valuations on K. Let S be the set of all v’s such that el(cr)(v) is not 
divisible by p. S is finite, and all the valuations in S are non-archimedean: if v is 
an archimedean valuation, and KU = If?, then p#2 and H2(KU) has exponent 2; if 
K, = @, then H2(KU) = 0. 
For each u in S choose a separable xtension N, of K, of degree p over LK,. By 
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Lemma 1.7, there is a separable extension N of K of degree p over L such 
that NK,= N, for all u in S. Let M be the normal closure of N over K. Then 
[M:L]l(p!)‘L:K’ and for each v in S, p divides [MK, : L,]. 
Let u be in S;‘by 1.4, if j3 EH*(LK,/K,), InfMK,,LK,,(P) is divisible by p in 
H*(MK,/K,). Hence 
@ Inf(ei(o)) = e2Wbf,,(cr>> 
is divisible by p in 0, H2(MK,/K,); from the definition of 02, e2(H2(M/L)) is 
pure in @ H2(MK,/KU) and therefore Inf M,L(~) is divisible by p in H*(M/L). 0 
3.2. Corollary. Let p be a prime number, K an algebraic extension of a global field 
with char(K) +p, and which is totally imaginary if p = 2. Let L be a finite Galois 
extension of K and a an element of H*(L/K). Then there exists a Galois extension 
M of K containing L such that [M: L] i (P!)[~’ K1 and Inf,,,(a) is divisible by p in 
H*(M/K). 
Proof. Use Lemma 1.2 to find global fields K’CL’cL and p in H*(L’/K’) such 
that K’ is totally imaginary if p = 2, L’ is Galois over K’, L’fl K = K’, KL’= L and 
j,,,(p) = a. By Proposition 3.1, there exists a Galois extension M’ of K’ containing 
L’ and such that [M' : L’] 5 (p!)IL” K’1 and Inf,,,@) is divisible byp in H2(M’/K’). 
Let M=M’K, E=M’OK. We then have 
jK,M'ResE/K, Infhfk, = Inf.bf,,jK,L, 
(this identity is easy to derive by looking at the cocycles), and so as InfMj,L(P) is 
divisible by p, Inf,,,jK.,@) = InfM,Ja) is divisible by p. 0 
3.3. Proposition. Let K be a global field, L a Galois extension of K of degree n. 
There is a Galois extension M of K containing L with [M: L] in!” such that 
Inf,,,(H3(L/K)) = (0). 
Proof. By [ 10, 11.41, case r = 3, it suffices to find an extension M such that for some 
valuation u on K, n divides [MK, : LK,]. The conclusion then follows. 0 
3.4. Corollary. Let K be an algebraic extension of a global field with G(K) infinite, 
L a Galois extension of K of degree n, and a E H3(L/K). Then there is a Galois ex- 
tension M of K containing L with [M: L] in!” and Inf,,,(a)=O. 
Proof. Use Lemma 1.7 to find global fields K’CL’CL and j3~ H3(L’/K’) such 
that L’ is Galois over K’=L’n K, KL’=L and jK,L’(p)=a. By Proposition 3.3, 
there exists a Galois extension M’ of K’ containing L’ with [M’: L’] in!” and 
InfM,,c(P)=O. Let E=M’n K. Then Inf M'K/L@)=jK,W R%,KsInfMr/L@>=o. 0 
3.5. Lemma. Let E be an algebraic extension of a global field K, p a prime number, 
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and suppose that cd,(E) = 2. Then there is a Galois extension F of E of degree up! 
such that H2(F/E) has non-trivial p-torsion. 
Proof. Since fields of characteristic p have p-cohomological dimension 1 (see [7, 
V.3.3]), we have char(E) fp. By 1.3, there is a finite separable extensional of E such 
that H’(L) has non-trivial p-torsion. By 1.6, there is a valuation u on L such that 
H2(L,)(p) # (0) (where L, is defined as in 1.5); by 1.4, pm does not divide [L, : Ku] 
and hence it does not divide [E, : K,], and so H2(E,)(p) # (0). Let F be a Galois ex- 
tension of degree up! such that p divides [FE, : E,]. Then, by 1.4 
H2(FE,/E,)(p)#(0), and by 1.5, H*(F/E)#(O). 0 
Corollary. Let p be a prime. There is a sentence pr, such that for every element K 
in X, 
KkV)I, # cd,(K) 2 2. 
Proof. cpp says that K has a Galois extension of degree up! with H2(L/K)(p) # (0). 
Suppose first that K= n,,t K,/%, where the fields Ki are in &. By 1.3 we are in- 
terested in the groups H2(M/L) where L is a finite separable extension of K and M 
is a finite Galois extension of L. Take finite extensions L; CM, of Kj such that 
(ML,K)=(&,, Mi/*, n,,, L;/@, n,,, K,/*). Then 
H’(M/L)(p) # 0 ++ 
Conversely, if KEEP, there exist Galois extensions Li of Kj of degree up! such 
that, for a set of i’s in a, H2(L, /K,)(p) # (0). Then L = n,, t L;/W is Galois over 
K, of degree up! and H2(njS, L,/Q/K)(p)#(O). Hence, cd,(K)?2. 
Let now K be any element of X. There is an ultraproduct K’ of elements of G 
such that K < K’. If cd,(K) 12, then cd,(K’) L 2 by Proposition 2.5. Hence K’F qP 
and Kkyl,. If KEQ, then H’(K)(p) # (0) and cd,(K) 2 2. 0 
Remark. lcpp is fl,. 
3.6. As a corollary we also get the following: 
Theorem. (1) Let KEYZ. Then cd(K)%2. 
(2) Let p be a prime, (Kj)iGI a family of algebraic extensions of global fields, 
which are totally imaginary if p = 2. Let (4~ be an ultrafilter on I, K = ni, t Ki/%. 
Zf {i E I 1 cd,(K;) = 2) E 021, then cd,(K) = 2. 
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Proof. (1) Clear by 2.6, 3.2 and 3.4. 
(2) Obvious by Corollary 3.5. 0 
Corollary 1. Let Q* be a non-standard extension of Q. Then cd(Q*(i))=2. 
Proof. For every prime p, Q(i) satisfies pp. As Q*(i) = Q(i), the conclusion 
follows by the above theorem and by Corollary 3.5. 0 
Corollary 2. Suppose that K E%, L =M and G(L) = G(K). Then cd(M) = cd(K). 
Proof. cd(K) = 0 if and only if G(K) = (l), i.e. if and only if K is separably closed; 
by Remark 2.6, cd(K) = 1 # cd(M) = 1; if cd(K) = 2, then G(K) (= G(L)) satisfies 
hypothesis (2) of Proposition 2.6, and taking 8 = (L} yields the result. q 
3.7. Every abelian closed subgroup of G(Q) is pro-cyclic [5]. This result however 
does not hold for non-standard extensions of Q. 
Proposition. Let Q* be a non-standard extension of Q. Then G(Q*) contains a closed 
subgroup isomorphic to 2x2, 
Proof. Let p be a non-standard prime of Q*, and let Q&, be the the henselization 
of Q* at p. Then G(QS;“,,) is a closed subgroup of G(Q*). 
By the results of Ax and Kochen and Ershov (see Theorem 5.4.12 of [4]), a 
henselian valued field with valuation group a Z-group and with residue field elemen- 
tarily equivalent to K = Z*/pZ*, is elementarily equivalent to Qs;cP). Hence 
Q&, = K((t)), 
and because G(K((t))) is finitely generated, we obtain 
G(QS;“,,) = G(K((0)). 
Let Z(x) be the type expressing that x is an infinite prime of iZ* and that Z*/xZ* 
contains all primitive roots of unity. Since every subfield of @ with procyclic (ab- 
solute) Galois group occurs as the field of algebraic numbers of an ultraproduct of 
prime fields (see [l, Proposition 7]), Z’(x) is consistent. Because it has bounded 
complexity and Q* is non-standard, Z(x) is realized in Q*. Fix PE Q* realizing 
Z(x) * 
The algebraic closure of K((t)) is contained in the field L = UnCN R((t”“)), 
where Z? denotes the algebraic closure of K. By [l], G(K) is isomorphic to 2; let o 
be a generator of G(K), and define cr’ on L by a’(C; a,t’) = Ci o(ai)t’. Let 7 be a 
generator of G(K((t))). Because K contains the primitive roots of unity, cr’ and r 
commute, and their restrictions to the algebraic closure of K((t)) generate G(K((t))). 
Hence, G(K((t))) = 2 x 2 and G(Q&,) = 2 x 2. 0 
Cohomotogical dimensions 131 
3.8. For p a prime, let cl, denote the group of all primitive p”th roots of unity, and 
let .u denote the group of all roots of unity. For n E k4, let 5, denote a primitive n th 
root of unity. 
Corollary. Let Q* be a non-standard extension of Q, p a prime number. Then 
cd,(Q*(~)) = 2 and cd,(Q*(@) = 2. 
Hence Q*(P)*Q(P) and Q*(PJ~Q(PJ. 
Proof. Recall that if H is a closed subgroup of a profinite group G then cd,(H) I 
cd,(G) (see e.g. [7, Proposition IV.2.11). Hence cd,(Q*(p)) 5 cd,(Q*(i)) = 2 and 
cd2(Q*(p(2)) s cd&Q*(i)) = 2. For P 752, cd,(Q*(~P)) = cd,(Q*(Q(i)) because P 
does not divide [Q*&,)(i): Q*(,uJ]. So cd,(Q*(Lcp))%2. 
Let H be the subgroup G(Q(*,,) defined in the proof of Proposition 3.7. Because 
K contains ,u, it follows that HcG(Q*(~))cG(Q*(L(,)). As cd,,@ x z)= 2, we 
obtain the result. 
The last assertion follows by Corollary 3.6, as cd(Q(p))=cd,(Q(pJ)= 1. 0 
3.9. We will now show that the maximal abelian extension Q*ab of Q* has cohomo- 
logical dimension 1. The proof is quite involved and will necessitate two lemmas. 
Lemma. Letp,, . . . . p,, , q be prime numbers, let s be a positive integer. There exists 
a prime number I such that: 
- If q;t2, then qS+l does not divide (I- l), and for each i = 1, . . . , n, qs divides 
VP,(&): F&l. 
- If q=2, then 2St2 does not divide ([- l), and for each i = 1, . . . , n, 2’ divides 
V&6) : FpJ. 
Proof. Recall first that if p and I are distinct prime numbers, [EJ&) : Fp] is the 
least integer r such that pr= 1 (1). In other words, it is the order of the element p 
in the multiplicative group EF. Note that r divides I- 1. 
Suppose that qS is the highest power of q dividing I- 1. Then qS will divide r if 
and only if p is not a qth power in E,X, because lF,” is cyclic of order I- 1. 
Case q # 2. The above observation reduces the problem to finding a prime number 
I such that: 
- qS divides I - 1, qS+’ does not divide I - 1, 
- p,, . . ..pn do not have qth roots in F/I”. 
Because qz2, Q((P~‘~)~Q(,u), and we can find o in G(Q) such that the field K 
fixed by o contains +, does not contain & $+I nor any of the qth roots of the p;‘s. 
By Ax, there is an ultraproduct of prime fields whose intersection with Q is K. 
Hence there is a prime number I such that IF, contains a primitive qSth root of 
unity, does not contain a primite qS+ ’ th root of unity, and p,, . . . , p,, do not have 
qth roots in [F,. This is our desired 1. 
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Case q=2. We want to find a prime number 1 such that 
- 2s+1 divides I- 1, 2’+* does not divide I- 1, 
- p,, . . . . pn do not have 4th roots in (F,. 
Note that Q(p,“4)QQ(v). Repeat the argument used in the previous case to ob- 
tain 1. 0 
3.10. Lemma. Let L be a finite algebraic extension of Q of degree n, and suppose 
that L is Galois over KII L fl Q(p), and that ie K. Let (Y E H2(L/K) be an element 
of order qr where q is a prime. 
Then there is an extension MC Q(,u) of degree I 2n over Q such that j,,,,(a) = 0. 
Proof. Note that because all the extensions involved are Galois over K, j,,, = 
ReSMK/K InfML/L. We use the notation set up in 1.6. Let S be the set of valuations 
on K such that ei(a)(u) #O. Because K contains i, S consists of non-archimedean 
valuations. 
Let 0 be an element of s, w a valuation on L extending u. Because ResMK ,K,, is 
multiplication by [MK, : KU], we only need to find McQ(p) such that qr dkides 
[MK, : Ku] for every u in S. 
For u in S let p. be the prime number of Q such that u(p,)> 0 and let ru = 
[K, : Q$,,,]. Let s= r+ k where k is the largest number such that qk divides r,, for 
some u in S. Note that every element of H’(L/K) has order dividing [L : K], so 
that q’I[L:K]. For each u, [K,: Q$,,]s[K :Q], so that r,I[K :Q]. It follows 
that q’ln. 
Case q#2. By Lemma 3.9, there is a prime number I such that qSfl does not 
divide l- 1, and qS divides [FP,,([,) : lF,J for each u in S. Let McQ((it) be such that 
[M : Q] = qS. Then, for each u in S, qS divides [MQP,, : Q,], and because qk+’ does 
not divide ro, it follows that qr divides [MK, : K,]. 
Case q =2. By Lemma 3.9, there is a prime number I such that 2S+2 does not 
divide I-1, 2S+1 divides I- 1, and 2’ divides [E,“([,) : Fpu] for every u in S. Let 
McQ(&) be such that [M:Q]=2’+‘. The same argument as in the previous case 
yields that for every u in S, qr divides [MK, : Ku]. 0 
3.11. Theorem. Let Q* be an non-standard extension of Q. Then the maximal 
abelian extension Q$*ab of Q* has cohomological dimension 1. 
Proof. By Theorem 1.3, it suffices to show that if E is a finite extension of Q*Ob 
and F is a finite Galois extension of E then H*(F/E) = (0) (since H’(E) = (0)). Let 
a E H’(F/E). By Lemma 1.7, there are finite extensions KC L of Q* such that L is 
Galois over K, i E K, L fl E = K, LE = F and for some p in H2(L/K), j,,(p) = a. 
Note that KIQ*‘~~L. Without loss of generality, we can suppose that j3 has 
order qr for some prime number q. Let n = [L : Q*], m = [K : Q*]. 
By Lemma 3.10, Q satisfies the following statement: 
For every extension L of degree n over Q, for every extension K of degree m over 
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Q such that L fl QSabCKC L and L is Galois over K, and for every p in H2(L/K) 
of order qr, there is an abelian extension A4 of Q of degree <2n such that 
j,,,(P) = 0. 
Note that the subfield L 17 QSab is definable as the maximal Galois subextension 
of L which is abelian over Q. 
As Q*=Q$, Q* satisfies the same statement, and so for some abelian extension A4 
of Q* we have j,,,(p)=O. As MCQ*ab, MKcE; as j,, =jE,MLjMK,L it follows 
that a=O. 0 
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